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Abstract 
It is well known in the theory of graph spectra that connected graphs except for complete 
multipartite (including complete) graphs have the second largest eigenvalue greater than 0. 
Graphs whose second largest eigenvalue does not exceed ~ are characterized in Cao and Yuan 
(1993). In this paper we study the structure of graphs whose second largest eigenvalue does not 
exceed (x f5 -  1)/2. 
Keywords: Graph spectra; Second largest eigenvalue; Hereditary properties; Forbidden sub- 
graphs; Join of graphs 
O. Introduction 
For a graph G on n vertices let 21 ..... 2, (21 >~... ~>)~,) be its eigenvalues. We also use 
notation 2i = 21(G) (i = 1 ..... n). 
The second largest eigenvalue 21(G) has attracted recently much attention among 
researchers ( ee e.g. [1, 3-7, 15, 17-28, 30]). 
We have 22(K,)= -1  (n >~ 2) and 22(K .......... ,~) = 0 (max(n l, n2 . . . . .  nk) > 1)(see e.g. 
[9, p. 163]). 
Graphs whose second largest eigenvalue does not exceed ~ are characterized in [4]. 
It is proved that 0 < 2z (G) < ½ if and only if G = (K 2 wK 1) V (n - 3)K 1. The problem of 
characterizing graphs G with ~ <,~2(G)< (~-1) /2  was posed in [4]. Graphs G with 
~2(G)<~- -1  are determined in [26]. 
A graph property P is called hereditary if the following implication holds for any 
graph G: if G has property P, then any induced subgraph of G also possesses property 
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P. (In this paper, when we say that a graph G contains a graph H we mean that 
G contains H as an induced subgraph). A graph H is forbidden for a property P if it 
does not have property P. If a graph G contains the forbidden graph H (for a property 
P) (as an induced subgraph), then G does not have property P. Then H is called 
a forbidden subgraph. A forbidden subgraph H is called minimal if all vertex deleted 
subgraphs H- i  have property P. Graphs having property P can be characterized by 
the set (possibly infinite) of minimal forbidden subgraphs for property P. 
For any real a and any integer i the property expressed by the inequality 2i(G)~< a is 
a hereditary property. This conclusion follows from the interlacing theorem (cf. e.g. [-9, 
p. 19]) which says that 2i(H)<~2i(G) for any induced subgraphs H of G. 
We shall introduce the notation a=(x/r5-1) /2 ~0.618033989. Obviously, we have 
a2+a- - l=0.  
Graphs having property )~2(G)-%< a (a-property) will be called a-graphs. For conveni- 
ence graphs G for which 22(G)<a, 22(G)=a, 22(G)>a will be called a--graphs, 
a°-graphs, a+-graphs, respectively. 
Our problem can be now formulated as follows: Characterize or find all a-graphs. 
A solution to the problem would be to find all minimal forbidden subgraphs for the 
a-property. The crucial question (as always in this kind of problems) is whether this 
set is finite. 
The structure of a-graphs is fairly well described in this paper by a number of 
results. We also prove that a-graphs can be characterized by a finite collection of 
forbidden subgraphs. 
A part of results from this paper was announced in [ 13]. or--graphs are described in 
[29]. Here we give an independent characterization f a-graphs, including a--graphs. 
However, the proofs are partly based on the results from [29]. 
We mention few necessary definitions. All basic facts on graph theory (spectral 
graph theory) can be found [16] (resp. [9]). 
A graph consisting of a single vertex is called trivial. 
A(G) denotes the maximal degree of graph G, while g(G) is the girth of G. 
The join G V H of graphs G and H is obtained from the disjoint union of G and H by 
joining with edges all vertices from G to all vertices of H. 
The plan of the paper is as follows. Section 1 provides a few basic forbidden 
subgraphs for the a-property obtained by the use of computer. Section 2 surveys 
several lemmas and propositions on a-graphs. Main results are contained in Section 3. 
1. Computational observations 
By inspecting the graph spectra tables of [93, we see that all connected graphs on up 
to 4 vertices are a-graphs. Among disconnected graphs on up to 4 vertices, only the 
graph E=2K2 is not a a-graph, thus being a minimal forbidden subgraph for 
a-property. Moreover, E is the only minimal forbidden subgraph for a-property 
among disconnected graphs. Minimal forbidden subgraphs for a-property on up to 








7 vertices were found on the basis of tables from [8, 9, 11]. Among 21, 112 and 853 
connected graphs on 5, 6 and 7 vertices, respectively, only the graphs denoted by 
F1,Fz,Fa,F4, Q1 and R1,R2,R3 in Fig. 1 are minimal forbidden ones. 
The minimality condition was checked by making use of catalogues of these graphs 
within the programming package GRAPH (see [-12, 10, 13]). 
This list of minimal forbidden subgraphs is not complete. There exist minimal 
forbidden subgraphs on more than 7 vertices [29]. It was proved in [29] that the set of 
minimal forbidden subgraphs for the a--property is finite. This set will be explicitly 
given in [14-]. 
2. Preliminary observations 
We shall prove in this section a number of lemmas and propositions describing the 
structure of ~-graphs. 
Lemma 2.1. I f  G is a a-graph, then G has at most one non-trivial component. 
Proof. Suppose G has two non-trivial components. Then E (=2K2) is an induced 
subgraph of G what is forbidden. El 
Lemma 2.1 shows that in further considerations we may assume that a-graphs are 
connected. 
Lemma 2.2. I f  a graph G contains P4 but none of the graphs E, F1, F2, F3, F4, then any 
vertex outside P4 is of one of the four types a, b, c, d defined by Fig. 2. 
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0 0 0 0 
xl:  1 x2= G x3=-8 x4:4 
Fig. 3 
Corollary 2.3. I f  G is a a-graph and contains P4 as an induced subgraph, then any vertex 
outside P4 is of one of the four types a, b, c, d defined by Fig. 2. 
Lemma 2.4. The path 1°4 has an eigenvalue 6 with an eigenvector (xl, x2, x 3, X4) T shown 
in Fig. 3. 
Proof. We have 0"X 1 =X2,  6X 2 =X 1 ~-X3, 6X 3 =X2- .~X4,  O 'X4=X3.  These equations are  
satisfied by values in Fig. 3 having in mind that 62-'~ - 0"--1 = 0. [] 
Lemma 2.5. Let G be a graph containing P4 but none of the graphs E, F1, F2, Fa, F4. 
Then G has an eigenvalue qual to 6. 
Proof. We construct an eigenvector X=(X1,X  2 . . . . .  Xn) T for eigenvalue a in G. We 
assign to coordinates of x corresponding to vertices of ,°4 the values as in Fig. 3. All 
other coordinates ofx are equal to 0. Now we have to check whether for any vertex i of 
G we have axi is equal to the sum of the coordinates of x corresponding to the 
neighbours of i. For vertices of P4 it is obviously true. It is also true for other vertices 
since they by Lemma 2.2 are in one of positions (a)-(d) from Fig. 2, with respect o P4 
and Fig. 3 shows necessary symmetry of the coordinates of x corresponding to vertices 
of P4. [] 
Proposition 2.6. Let F be a minimal forbidden subgraph for the a-property containing 
P4. Then F is one of F1, F2, F3, F4. 
Proof. Suppose F is different from Fx, F2, F3, F4. F is, of course, not equal to E. Also 
F does not contain E since otherwise F would not be minimal. Then F has k vertices 
with k~>6. Let #1,P2 ..... /~k ( ,U l~/~2~'"~,ak)  be the eigenvalues of F. We 
have f l l ) f l2  since F is connected, ~2)6  since F is forbidden for the a-property 
and #3=a since F contains P4. Suppose the multiplicity of a in F is s (s~>l), 
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i.e. /'1 >/~2>#3=/~4 . . . . .  /~s+2>~+3.  Consider any vertex deleted subgraph F - i  
and its eigenvalues Vl, V2 . . . . .  Vk 1 (Vl >>- V2 >> - "'" >~ Vk 1). By the interlacing theorem we 
have #i >~ vi >~ I~i + 1 for i - -  1,2 . . . . .  k - 1. Hence, v3 = v4 . . . . .  vs + 1 = a. Since F is a min- 
imal forbidden subgraph for the a-property,  H - i  is a a graph, hence Vz--,<a. From 
above we have Vz/>/~3=a, hence v2=a.  Thus the multipl icity of a in any vertex 
deleted subgraph is at least s. As known, the derivative of P~,(2) of the characterist ic 
polynomial  P~(2) of a graph is the sum of the characteristic polynomials  Pc; i(,~) of its 
vertex deleted subgraphs G- i  (see, e.g. [9, p. 60]). P~(2) has ~ as a zero of the 
multipl icity s -1  (since P~(2) has a as a zero of multipl icity s). On the other hand, 
P~()~) has a as a zero of multipl icity at least s (since this holds for each P~; ~(,~)). This 
contradict ion proves the proposit ion.  [] 
Proposition 2.7. l f  G is a a-graph being a tree, then G= K1,  n or P4. 
Proof. Suppose first A(G)>~ 3. Since E is forbidden, it follows at once that G = K 1,,. 
Otherwise, A(G)~<2 and G=P,  for some n. By E we get n~<4. On the other hand, the 
obtained graphs are a-graphs. [] 
Proposition 2.8. l f  G is a (connected) a-graph not being a tree and g(G) >~ 5, then G = C5. 
Proof. If g(G)>>, 6, then E appears in G. If g(G)= 5, let x be a vertex of G outside C 5 but 
adjacent o at least one vertex of C5. Since g(G)= 5, x is adjacent o at most one vertex 
of C5. But then E appears in G. [] 
Proposition 2.9. f f  G is a (connected) a-graph and g(G)=4,  then G = K , , , ,  (m, n >~ 2). 
Proof. We first claim that G is bipartite. On the contrary, suppose 2k + 11k ~ 2) is the 
length of the shortest odd cycle contained in G. If k >~ 3, then E appears as an induced 
subgraph. If k = 2, since G 4: Cs there exists a vertex x outside C5 adjacent o at least 
one vertex of Cs. I fx  is adjacent o just one vertex of C5 we get the same contradict ion 
as within the proof  of Proposi t ion 2.8. Otherwise, either g(G) = 3 or F3 appears in G as 
an induced subgraph. Hence G is bipartite. 
Suppose now U and V constitute the different colour classes of the vertex set of G. 
In addit ion, let u 1, u2~: U and v l, v2~ V be the vertices of C4. Due to F3, each vertex 
ui~U(i>~3) is adjacent to both vertices Vl and v2, or none. Similarly, each vertex 
vj~ V( j  >~ 3) is adjacent o both vertices u l and u2, or none. Moreover,  if ui is adjacent 
to vl and ~'2, and vj is adjacent o Ul and u2, then ul and vj are adjacent (otherwise we 
get F2). Now let H be a maximal  induced subgraph of G which is bicomplete and 
contains C4. If H is a proper induced subgraph of G, then any vertex of U (resp. V), not 
contained in H, is not adjacent o any vertex of H (by the same argument as above). If 
so G is disconnected. Thus G=K . . . .  as required. _g~i 
The corona G o H of graphs G and H is obtained when for each vertex of G we take 
a copy of H and join this vertex to all vertices of this copy. There are three kinds of 
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edges: the ones inside the copies of H, the ones inside G, and the ones joining each 
vertex in G to the vertices in the corresponding copy of H. 
Proposition 2.10. I f  GI is a graph with at least two vertices then Ga ° G2 is a a-graph, if 
and only if G1 =K,  and G2=K1. 
Proof. If G 1 is disconnected or G 2 contains an edge, then GI ° G2 contains E. Hence 
G 1 is connected and G 2 has no edges. If G2 contains at least two vertices, then 
F4 appears. Hence Gz = K 1. If GI is not K,  then it contains P3 as an induced subgraph 
and G1 ° G2 would contain Ps, i.e. the graph E what is forbidden. Hence G1 =K, .  
According to [9, p. 60], we have Pa-.r,(2)=2"Pa(2-1/2), where n is the number of 
vertices of G. Since PK , (2 )=(2-n+l ) (2+l )  "-1 we get PK, KI(Z)= (22--(n--1)Z 
- -1)(22+2--1) "-1 and K. oK1 is a a-graph. This completes the proof. [] 
Proposition 2.11. If GI, G2 are regular graphs, then 
22(G1 V G2)=max(22(Ga),22(G2)). 
Proof. We apply a formula for the characteristic polynomial of G1 V G 2 (see e.g. [9, 
p. 57]): 
P6, v62( )O=(~~)  ((Z--r~)()~-r2)--nln2), (1) 
where n~ is the number of vertices and r~ is the degree of G~ (i= 1, 2). [] 
Corollary 2.12. For any graphs G1, G2 we have 
Z2(G1 V G2)<~max(22(G~),22(G~)), (2) 
where G*(i= 1,2) denotes a regular supergraph of  G i. 
Example 2.13. Let G = G 1 V G 2 V -.- V G k where each Gi is either C 5 or 3K 1- It is easy 
to see that G is regular. By Proposition 2.11 G is a a-graph. Other examples of regular 
a-graphs we get as above by letting each G~ to be equal nK 1 for some n. Hence G is 
a complete k-partite graph with equal parts. This class includes complete graphs (for 
n= 1). We do not know whether other regular a-graphs, except for nK1, exist. 
Definition 2.14. A a-graph which is an induced subgraph of a regular a-graph is called 
a-regularizable. 
Example 2.15. Clearly, complete, multipartite graphs are a-regularizable. A specific 
role in this context play induced subgraphs of C5 and 3K1, i.e. graphs 
K 1,2K 1,3K 1, K2, K2wK x, K 1,2, i°4, C5. They are of course a-regularizable, but also 
a multiple join of any number of copies of these graphs is a a-regularizable graph. 
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Example 2.16. There are a-graphs which are not a-regularizable. Consider K3 w K~. 
Suppose there is a regular supergraph G of K 3 w K 1. Let d be the degree of the vertex 
x from K 1 in G. To avoid the forbidden subgraphs E and F1 we are forced to join all 
neighbours of x with all vertices from K3. Therefore, the degree of the vertices from 
K3 is at least d+2.  Hence G is not regular. 
Example 2.17. Proposition 2.11 says that the join of a-regularizable graphs is a a- 
graph. Therefore, the join of graphs from Example 2.15 is a a-graph. This observation 
provides a lot of infinite series of a-graphs, e.g. CsVKn,  P~VnK~, 
(K2~-~K1) V K1 V nK1, etc. 
Example 2.18. We shall compute the characteristic polynomial of the graph 
(K3uK1)VnK1.  From [9, p. 57], we get 
Pc;, v(~:(2) = (-- 1)~:Po,(2)P6~(-- 2 - 1)+(--  1)"'P(;~(2)P~,(-2--  1)
--(--  1)" l+n2Po,( -2-  1 )P~: ( -2 -  1), (3) 
where nl is the number of vertices of the graph Gi for i= 1, 2. In [9, p. 56], we also find 
2 -n+r+l  
P~(2)= P~(--2--  1) (4) 
2+r+l  
for a regular graph G of degree r with n vertices. If Gi (i = 1, 2) is regular of degree ri, 
formula (3) is reduced to (1) by (4). If only G: is regular (of degree r:)  we get 
PG2(2) 
P(;I v ~(2)= ° ( (2+n- rz )P~(2) - ( - l )n~n2P~( -2 -1) )  • (5) 
~-- r  2 
For our purposes we put G 1 = K 3 wK 1, G 2 = nK 1. Then we have G 1 = K 1,3, (72 = K,, 
nl =4, n2=n, r2=O. Further, P~(2)=(2-2) (2+ 1)24, P~l (2 )=(2z -3)22 ,  P~(2)= 2" 
and P~2=(2-n+l ) (2+l )  "-1. By (4) we get 
P(~3~K~)~nK~(2)=2" 1(4+l)Z(23--22z--4n2+2n).  
The cubic can be transformed into the equation 2z(2 - 2)/(24 - 1) = 2n. An elementary 
analysis hows that 2z((K3 w K 1) V nK 1 ) tends towards i from below when n tends to 
+vC, .  
The next lemma, taken from [31] (see also [2]), enables the definition of a class of 
graphs to which every a- -graph belongs. 
Lemma 2.19. l f  G is a connected graph and if G has no isolated vertices, then G contains 
an induced subgraph equal to 2K E or P4. 
Assume now G is a a--graph. If (7 is a connected graph, then G must have at least 
one isolated vertex (otherwise G contains 2K2(=E)  or P4 as an induced subgraph, 
and hence is not a a--graph). On the other hand, if (~ is a disconnected graph, then 
G itself is a join of at least two graphs. Since the a-property is hereditary, we are now 
tempted to define a class of graphs (denoted by cg) as follows. 
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Let c.g be the smallest family of graphs that contains K 1 and is closed under adding 
isolated vertices and taking joins. 
Clearly, any a--graph belongs to cg, but not vice versa. 
The class cg has been introduced and studied in [29]. It turned out that the set of 
a--graphs falls into a finite number of structural types. It has been proved along the 
same lines in [29] that the set of minimal forbidden subgraphs for the a--property is
finite. They all belong to ¢g except for E and P4. The whole list of these forbidden 
subgraphs will be described in a forth-comming paper [14]. 
Example 2.20. Forbidden subgraphs Q1,R1,R2,R3 for the a-property (see Fig. 1) 
belong to class ~ and are also forbidden for the a--property. 
Example 2.21. The only minimal forbidden subgraphs for the a--property of the form 
(HuK1)VK1 are (K3w2K1)VKx=Q1,  (K2~4K1)VK I=R1,  (Kl ,E~3K1)VK1 
=R2, (K2,g~2K1) V K1, (K3,3w2K1) V Kx as proved in 1-29]. 
Forbidden subgraphs for the a--property are also forbidden for the a-property 
except for the graph P4 and possibly for other a°-graphs. Additional minimal 
forbidden subgraphs (containing P4) for the a-property are Fa, F2, F3, F4 (by Proposi- 
tion 2.6). 
3. Main results 
Now we can formulate our main results in the form of the following theorems. 
Theorem 3.1. A a-graph has at most one non-trivial component G jbr which one of the 
followin9 holds: 
(1) G is a complete multipartite 9raph; 
(2) G is an induced subgraph of Cs; 
(3) G contains a triangle. 
Proof. A a-graph has at most one non-trivial component by Lemma 2.1. If 22(G)~< 0 
then G is a complete multipartite (in special case a complete) graph. In the case 
22(G) > 0 suppose first that G has no circuits. Then G is a tree and, by Proposition 2.7, 
G is KI , ,  or P4- In the first case G is a complete muitipartite graph while in the other is 
an induced subgraph of C5. If G has at least one circuit Consider its girth g(G). By 
Proposition 2.8 we have g(G)~<5 and if g(G)=5 then G=Cs. If g(G)=4 then, by 
Proposition 2.9, G = K . . . .  hence a complete bipartite graph. In other case we have 
9(G)=3 and G contains a triangle. [] 
Before proceeding to study a-graphs described by (3) we introduce some notation. 
Let G be a a-graph with the vertex set V. Let T be a triangle in G induced by the 
vertices x,y,z. Next, let A(G, T)=A, B(G, T)=B, C(G, T)=C be the sets of vertices 
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outside T which are adjacent o exactly one, two, three vertices from T, respectively. 
Also, let GA, GB, Gc be the component, containing T, of the subgraph of G induced by 
the vertex set V-B-C, V-A-C, V-A-B, respectively. 
Let d(T, u) denote the distance of the vertex u from the triangle T, i.e. the length of 
the shortest path between u and a vertex from T. 
or-graphs containing triangles are now described in more detail in terms of induced 
subgraphs GA, GB, Gc. 
Theorem 3.2. Let G be a connected a-graph which contains a triangle. For any triangle 
T of G the following holds for subgraphs GA, Gs, Gc: 
(1) GA is an induced subgraph of one of the graphs from Fig. 4. 
(2) For GB one of the following holds: 
(i) GB is an induced subgraph of graphs from Fig. 6; 
(ii) GB = P,  V (HuK x) for some ~-graph H; 
(iii) GB =H1 V H E V H a for some ~-graphs H1, H2, H3. 
(3) For Gc one of the following holds: 
(i) Gc is an induced subgraph of (K3uK1) V H jbr some tT-graph H; 
(ii) Gc is obtained from Kn 2 7 K3 27 H by adding a pendant edge to each vertex of 
K, ,  where n>~2 and H is a a-graph containing no induced subgraphs 
isomorphic to some of graphs KawK 1, KEU3K 1, K 1,2w2K 1, KE,4WK 1, 
K3,3uK1.  
Proof. Let G be a a-graph containing a triangle T (induced by the vertices x, y, z). We 
consider separately each of the statements (1)-(3). 
(1) Structure Of GA. Suppose d(T, u) = 2 for a vertex u. Then u is adjacent o a vertex 
v from A. Let v be adjacent o x. Then vertices y, z, u, v induces E, a contradiction. 
Hence GA does not contain any vertex u with d(T,u)>>.2. Let further d(T,u)=l, 
d(T, v)= 1 and u ~ v. Suppose u and v are adjacent. Then forbidden subgraph E or 
F 2 would appear in GA depending on whether u and v are adjacent o the same vertex 
or to different vertices of T. Hence, u and v are not adjacent. Excluding R 1 at most 
three vertices from A are adjacent o a vertex of T, i.e. GA is an induced subgraph of 
K 3 c 3K 1. In order to avoid F 4 we conclude that G a is an induced subgraph of one of 
the graphs from Fig. 4. 
This completes the proof of (1). 
Fig. 4 
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(2) Structure of GB. Let B=Xw YuZ, where X, Y, Z are sets of vertices (from B) 
which are adjacent to y and z, z and x, x and y, respectively (see Fig. 5). 
Suppose d(T, u)=2 for a vertex u. Then u is adjacent o a vertex v from one of the 
sets X, Y, Z, say X. Then vertices u, v, x, y, z induce F1; a contradiction. Hence, GB does 
not contain any vertex u with d(T,u)>~2. If IXI, I YI , IZI~ < 1, then GB is an induced 
subgraph of one of graphs from Fig. 6, where in the second graph labels x and y can 
stand instead of z. The only remaining possibility, excluded from Fig. 6, is forbidden 
by F2. 
Let u,v,v~X and weY. Consider the set S={u,v,y,x,w}. If w is not adjacent to 
u and v, the set S induces in Gn one of the forbidden subgraphs F2, E, F4 in both cases 
when u and v are adjacent and are not adjacent. Hence, if IX I ~> 2, then any vertex from 
X is adjacent to any vertex from Y and to any vertex from Z. Let IXI~>2 and 
I YI = I Zl--1. Suppose I Y[ = {u} and Z = { v}. Vertices u, z, y, v induces 1°4 or C4 in Gn. 
Vertex x is adjacent o all u, z, y, v and not adjacent o vertices from X. If H denotes the 
subgraph of GB induced by X, then Gn = -°4 V (H u K 1) or Gn = C4 V (H u K 1). If at 
least two of sets X, Y, Z contain at least two vertices, then all pairs of vertices from 
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different sets X, Y,Z are adjacent. Let H1,H2,H  3 be subgraphs induced by sets 
X ~ { x }, Y~ { y }, Zw { z }, respectively. Then GB = H 1 V H2 V H3, where H1, H 2, H 3 
are a-graphs. 
This completes the proof of (2). 
(3) Structure of Gc. Suppose d(T, u)= 3 for some vertex u. Then u. is adjacent o 
a vertex v with d(T,v)=2. The vertex v is not adjacent to vertices of T and the 
forbidden subgraph E appears; a contradiction. Hence Gc does not contain any vertex 
u with d(T,u)~>3. 
We arrange vertices of Gc into layers 0, 1 and 2. Vertices from T form layer 0, 
vertices from C form layer 1 and the remaining vertices layer 2. For i = 0, 1,2 we have 
d(T,u)=i for any vertex u from layer i. 
If layer 2 is empty, then Gc = K3 V H, where H is the a-graph induced by vertices in 
layer 1. Otherwise, if layer 2 is non-empty, assume first that it has at least two vertices. 
Then no two vertices from layer 2 are adjacent, since the edge they induce, together 
with an edge from T, form a forbidden subgraph E. Also no two vertices at layer 2 are 
adjacent o the same vertex at layer 1 since otherwise a forbidden subgraph Q 1 would 
appear. 
Let now u be the only vertex in layer 2. Vertex u is adjacent o all vertices in layer 
1 or there exist a vertex v in layer 1 which is not adjacent o u. In the second case we 
can introduce a new vertex w to be in layer 2 and adjacent o v. Graphs with (at least) 
two vertices in layer 2 are described below. In the first case Gc =(K3wKI)  V H where 
Tis K3, vertex u is K~ and vertices in layer 1 form H. Of course, H is a a-graph. Hence 
we have proved the following statement: If layer 2 contains exactly one vertex, then 
Gc=(K3wK1)V  H for some a-graph H or Gc is an induced subgraph of a graph with 
at least two vertices in layer 2. 
To proceed with unresolved cases, let u be a vertex in layer 2. Let S be the set of 
vertices in layer 1 which are adjacent o u. Let v be a vertex in layer 1 which is not 
adjacent to u. If IS [> I ,  let p, qeS (pCq). Consider the subgraph induced by the 
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In order to avoid the forbidden subgraph E, we are forced to introduce edges 
between v and p, and v and q. Now p and q are not adjacent since otherwise vertices 
x,y,z,p,q,u,v would induce the forbidden subgraph R 3. Hence v is adjacent o all 
vertices in S and no two vertices from S are adjacent. 
Let now layer 2 contain at least two vertices. Using notation from above suppose 
there is a vertex w in layer 2 adjacent o v (see Fig. 7). (As proved earlier w is not 
adjacent to u.) But then the vertices u, p, q, v, w would induce a forbidden subgraph F3. 
So u should be adjacent o exactly one vertex. Hence, if layer 2 contains at least two 
vertices then every vertex in layer 2 is adjacent o exactly one vertex in layer 1. 
Let C=CluC2,  where C1 contains vertices which are adjacent o vertices in 
layer 2, while C2 contains the remaining vertices in layer 1. Vertices from C1 induce 
a complete graph, say K,, since otherwise E would appear. Let us denote by H the 
subgraph induced by C2. Then the subgraph of Gc induced by C and vertices from 
T form K,  V K 3 V n.  Vertices from layer 2 provide pendant edges to vertices from 
K,. Hence, if layer 2 contains at least two vertices then Gc is obtained from 
K,,VKa VH(n>~2, H is a a-graph) by adding pendant edges to all vertices in K,. 
Forbidden subgraphs for H appear as a consequence of Example 2.21. 
This completes the proof of (3), and Theorem 3.2. [] 
In Theorem 3.2 we have considered separately the structure of GA, GB and Gc. Next 
one can study the general structure of a a-graph G with 9(G)= 3. In the following 
examples we show some possibilities. 
Example 3.3. For the graph in Fig. 8 we have A-~-{Ul,U2,U3}, B~-{u}, C~--0 and 
the graph is a a-graph. This example can be generalized. Namely, the graph 
(K2w3K1)V nKl is a a-graph. 
Example 3.4. Consider the statement (3) (ii) of Theorem 3.2. We can add pendant 
edges also to vertices of K 3 in Kn V K3 V H. This means that the set A contains three 
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K,,\7 H, where pendant edges are added to all vertices of K,,. In addition, H is 
a a-graph which does not contain, as an induced subgraph, any of graphs 
K3v~'K 1, Kz~3K1,  K 1.2to2K1, Kz,4voK1, K3,avoK x (by Example 2.21). 
Proposition 3.5. I f  three pendant edges are attached at a vertex of a triangle T in 
a a-graph G, then G is the first graph in Fig. 4. 
Proof. The set A(G, T) obviously contains just the three vertices related to the 
pendant edges. Sets B(G, T) and C(G, T) are empty since otherwise forbidden sub- 
graphs F1, R 2 or QI would appear. This completes the proof. E~ 
Remark 3.6. If two pendant edges are attached at a vertex  of a triangle T in a graph 
G, then C is empty because of the forbidden subgraph Q 1. However, G could be equal 
to (K I , ,u2K  J V KI .  
Further conclusions will be possible on the basis of a complete list of minimal 
forbidden subgraphs for the a-property which is being prepared [14]. 
For the formulation of our last theorems it is useful to introduce some notation. 
Let ~ and ~ be the sets of minimal forbidden (induced) subgraphs for the 
a-property and for the a--property, respectively. Let further ~-  = ~ T u ~o,  where 
YT. and ~o are the sets of those graphs from ~-  which are a+-graphs and 
a°-graphs, respectively. 
As proved in [29], the set ~ is finite. We have P4~o and it is not known 
whether ~-o contains some other graphs. 
Theorem 3.7. We have ~ + w { F 1, F 2, F3, F4 } ~ ,~-, where F1, F2, F3, F4 are displayed 
in Fig. I. 
Proof. Obviously we have ~+ c~.  The rest follows from Proposition 2.6. kl 
It is reasonable to conjecture that ~ =o~-U{F1,  F2, F 3, F4}. Possible other mem- 
bers of J~ would be the extensions of graphs from o~o. Details from [29] support he 
idea that there are no graphs in o~o except for P4. In the case that they do exist, some 
analogous of Proposition 2.6 would be useful. However, we have the following 
theorem. 
Theorem 3.8. The ~ is finite. 
Sketch of the proof. Suppose there exist graphs H and I such that Ha lo .  H # P4, 
I~ ,  H is an induced subgraph of I and Iq~ { F1, F2, F3, F4 }. By Proposition 2.6, I does 
not contain P4 and, of course, I does not contain E. Hence IeCg and, of course, Ha~.  
By Theorem 4.13 of [29], the expression tree of H belongs to a set ~- of trees which is 
given in Fig. 8 of [29]. The expression tree of I also belongs to ~- since otherwise 
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I would contain a forbidden subgraph from o~- (cf. Theorem 4.13 of [29]). In 
a similar way as in proof of Theorem 4.12 of [29], we get that the number of graphs I is 
finite. [] 
A complete proof of Theorem 3.8, a complete list of graphs from ~ and further 
results describing the structure of a-graphs will be given in [14]. 
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